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An unconditionally stable upwinding scheme was proposed to improve the efficiency of the viscoelastic
simulation in molding of optical products using a CV/FEM/FDM technique. A significant computation
time saving was achieved due to an elimination of subdivision of the time step as required in the
conventional numerical scheme. The approach was applied to simulate the flow-induced birefringence
and anisotropic shrinkage in disk moldings using a nonlinear viscoelastic constitutive equation, orien-
tation functions and equation of state. The two-dimensional triangular finite element meshes were used
in the disk cavity and the one-dimensional tubular elements were utilized in the delivery system. Good
agreement was shown between the simulated pressure traces and flow birefringence in the molding
using the unconditionally stable upwinding scheme of the present study and the conventional numerical
scheme of the earlier study. In addition, an algorithm for simulation of the thermal stresses and bire-
fringence in moldings using linear viscoelastic and photoviscoelastic constitutive equations was pre-
sented by combining constrained and free quenching approaches. The proposed numerical scheme for
viscoelastic simulation of injection molding is more suitable for future commercial applications.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

The manufacturing of precision plastic optical parts such as
lenses, disk substrates, light guide plates (LGPs) and other optical
components by injection and injection/compression molding
processes is an important industrial technology. Over the years,
a number of attempts on modeling the residual stresses and
molecular orientation in injection molding of amorphous polymers
have been made by various researchers. Recent paper [1] provides
a brief overview of studies devoted to the subject matter and efforts
in simulation of optical retardation in disk substrates made of
amorphous polymers. A new approach was also proposed for the
simulation of anisotropic shrinkage in moldings of amorphous
polymers [2]. Recently, a review of various approaches available to
calculate anisotropic shrinkage in moldings was made [3].

LGPs are used in backlight system comprising of a light source,
an LGP and various layers of reflective, diffusive and optical prism
films. In this system, the light rays from the source are directed into
the side of the LGP, sometimes both sides, and are guided inside the
plate based on the total internal reflection. The rays are reflected
and refracted by micro patterns at the bottom of the LGP, which
All rights reserved.
could be an array of ink printed white spots [4] or V-groove
microstructures [5,6]. The major concern in the manufacturing of
LGPs is the light transmission, termed luminance, because plastic
LGP needs to deliver the light from its edges to the front surface
with the highest possible efficiency. It was recently found that the
processing conditions in injection molding have a strong effect on
the luminance of V-groove LGPs [7]. In particular, the luminance of
LGPs made of optical grade polycarbonates was measured and
found to be affected by the depth of melt filling of the grooves and
frozen-in birefringence. Imperfections in filling of V-grooves are
influenced by local pressure and temperature histories. Measure-
ments of the depth of melt filling were carried out at different
locations in moldings obtained at various processing conditions.
The influence of molding conditions on filling of V-grooves and
luminance performance of LGPs was elucidated. Also, a series of
experiments were performed to investigate the effects of cavity
conditions on transcription molding of micro-scale prisms made of
PMMA [8]. It was found that melt filling of the V-grooves can be
affected by the pitch, direction of groove layout, direction of melt
flow propagation and cavity pressure during melt filling stage. It
was concluded that the transcription during the melt filling stage
dominates the entire transcription process. Typically, an ideal
layout of V-grooves can be optimized by an optical simulation [9,10]
that may lead to an optimal luminance of LGPs. However, it should
be noted that the luminance is also related to the frozen-in
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molecular orientation (birefringenc) in LGPs [7]. Thus, there is a real
need to simulate the frozen-in birefringence in optical products.

Part I of the present study describes a numerical simulation of
one- and two-dimensional flow using a control volume/finite
element/finite difference method (CV/FEM/FDM) in injection
molding process of an optical disk including the filling, packing and
cooling stages. The compressible Leonov model [11] is used to
calculate the flow stresses and the flow birefringence related to the
flow stresses through the empirical linear stress-optical rule [12]. In
carrying out the present viscoelastic simulations, an uncondition-
ally stable upwinding scheme [13] is used to remedy the limitations
on small time step requirement of the previous calculations [1].
The linear viscoelasticity and photoviscoelasticity together with the
first order rate equation for the volume relaxation [14,15] are
employed to calculate the thermal stresses and the thermal bire-
fringence using a combination of constrained and free quenching
approaches. The orientation function, equation of state and elastic
recovery are used to simulate anisotropic shrinkage. In Part 2 the
predicted birefringence and anisotropic shrinkages in LGP mold-
ings will be compared with the experimental results obtained at
different processing conditions.
2. Theory and governing equations

2.1. Residual flow stresses and birefringence

Mold filling during the injection molding process is comprised
of three stages: filling, packing and cooling. Flow stresses and
birefringence are arised as a result of cavity filling and packing
stages. Due to the viscoelastic nature of a polymer melt and fast
cooling the flow stresses and birefringence do not completely relax
and remain residual in moldings. The momentum equations, in the
absence of inertia and body forces, and the mass balance equation
are:

vsxx

vx
þ vsxz

vz
¼ 0 (1)

vsyy

vy
þ vsyz

vz
¼ 0 (2)

vr

vt
þ v

vx
ðrvxÞ þ

v

vy

�
rvy
�
¼ 0 (3)

where x and y are planar directions and z is the gapwise direction,
sij represents the total stress, vx and vy are velocity components in
the x and y directions, respectively.

In a nonisothermal problem, the momentum and mass balance
equations are coupled with the energy equation:

rCP

�
vT
vt
þ vx

vT
vx
þ vy

vT
vy

�
¼ v

vz

�
k
vT
vz

�
þ F (4)

where CP, kand F are the specific heat, thermal conductivity and the
dissipation function, respectively. The dissipation function is given
as [16]

F ¼ 2h0s$tre2 þ
X

k

hk

2q2
k

�
I1ðI2 � I1Þ

3
þ trC2

k � 3
�

(5)

where

e ¼ 1
2

�
V v þ V v T

	
(6)

is the deformation rate tensor and Ck is the elastic strain tensor.
By employing the Leonov constitutive model, the stress tensor
can be related to the velocity gradient tensor as follows [11]:

s ¼ �P d þ h0s
�

V v þ V v T
	
þ
X

k

hk

qk
Ck (7)

with governing equation for Ck being

CV
k þ

1
2qk

�
C2

k þ
1
3

�
IIk

C � Ik
C

	
Ck � I

�
¼ 0 (8)

where P is the pressure, s is a rheological parameter lying between
zero and one, and hk and qk are, respectively, the shear viscosity and
relaxation time of the kth mode, and CV

k is the Jaumann derivative
of the elastic strain tensor, I is the identity tensor and Ik

C and IIk
C are

the first and the second invariant of the elastic strain tensor, Ck. The
Eq. (8) can be expanded as follows:

DCxx;k

Dt
� 2Cxz;k

vvx

vz
þ 1

2qk

�
C2

xx;k þ C2
xz;k � 1

	
¼ 0 (9a)

DCyy;k

Dt
� 2Cyz;k

vvy
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þ 1

2qk

�
C2

yy;k þ C2
yz;k � 1

	
¼ 0 (9b)

DCzz;k
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2qk

�
C2

xz;k þ C2
yz;k þ C2

zz;k � 1
	
¼ 0 (9c)

DCxz;k

Dt
� Czz;k

vvx

vz
þ 1

2qk

�
Cxx;kCxz;k þ Czz;kCxz;k

�
¼ 0 (9d)

DCyz;k

Dt
� Czz;k

vvy

vz
þ 1

2qk

�
Cyy;kCyz;k þ Czz;kCyz;k

	
¼ 0 (9e)

detjCkj ¼ Cxx;kCyy;kCzz;k � C2
xz;kCyy;k � C2

yz;kCxx;k ¼ 1 (9f)

where DCij;k

Dt is the substantial derivative of Ck with respect to time:

DCk

Dt
¼ vCk

vt
þ vx

vCk

vx
þ vy

vCk

vy
(10)

The boundary conditions on velocity, pressure, flow rate and
temperature are as follows.

vx ¼ vy ¼ 0; at z ¼ b (11)

vvx

vz
¼ vvy

vz
¼ 0 at z ¼ 0 (12)
In the filling stage, pressure at the melt front is assumed to be
zero and the flow rate, Q, is specified at the nozzle or sprue entrance.

P ¼ 0 at the melt front (13)

Q ¼ Q0 at the entrance (14)

In the packing stage, the pressure at the nozzle or entrance is
assigned according to the applied packing pressure and the flow
rate is solved.

p ¼ ppacking at the entrance (15)

To calculate the temperature field, a constant wall (mold)
temperature, Tw , and the symmetry along the centerline is assumed:

T ¼ Tw at z ¼ b (16)

vT
vz
¼ 0 at z ¼ 0 (17)
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In addition, the temperature-dependent viscosity and relaxation
time are given by the shift factor, aT, such as

hkðTÞ ¼ hkðTrÞ
aT

aTr
(18)

qkðTÞ ¼ qkðTrÞ
aT

a
(19)
Tr

where aT is the shift factor at the temperature T described by the
WLF equation:

log aT ¼
�C1ðT � TrÞ
C2 þ T � Tr

(20)

with Tr being the reference temperature. C1 and C2 are
constants that are obtained by curve fitting of temperature shift
factor from viscosity curves measured at different temperatures.

By substituting Eq. (7) into the Eqs. (1) and (2) and integrating the
results with respect to z and using the symmetric boundary conditions,
Eq. (11), the velocity gradients in the absence of normal forces become:

vvx

vz
¼ vP

vx
z

hx
(21)

vvy

vz
¼ vP

vy
z

hy
(22)

where:

hx ¼ h0sþ 1
vvx

vz

X
k

hk

qk
Cxz;k (23)

hy ¼ h0sþ 1
vvy

Xhk

qk
Cyz;k (24)
vz
k

Integration of Eqs. (21) and (22) using Eq. (11), leads to:

vx ¼ �
vP
vx

Zh

z

z0

hx
dz0 (25)

vy ¼ �
vP
vy

Zh

z

z0

hy
dz0 (26)

With substitution of Eqs. (25) and (26) into Eq. (3), the gov-
erning equation for pressure becomes:

G
vP
vt
þ H � v

vx

�
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vP
vx

�
� v

vy

�
Sy

vP
vy

�
¼ 0 (27)

where:

G ¼
Zh

0

�
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vP

�
dz (28)
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Zh

0

�
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vT

��
vT
vt

�
dz (29)
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Zh

0

�
z
Zz

0

rdz0
�

dz
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(30)
Sy ¼
Zh�

z
Zz

rdz0
�

dz
(31)
0 0
hy

For one-dimensional flow, Eq. (27) reduces to

G
vP
vt
þ H � v

vx

�
Sx

vP
vx

�
¼ 0 (32)

Eqs. (27) and (32) are the classical Hele-Shaw equations that
needs to be solved by numerical methods, as given in Appendix A.

Once the pressures and elastic strain tensor components at
calculated nodes are converged, the stress components are calcu-
lated according to Eq. (7) at each time step. Then, the flow-induced
birefringence components are evaluated by applying the stress-
optical rule [12]:

Dnflow
xz ¼ Cs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsxx � szzÞ2þ4s2

xz

q
Dnflow

yz ¼ Cs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
syy � szz

�2þ4s2
yz

q
Dnflow

xy ¼ Cs
�
sxx � syy

� (33)

where the Cs is the stress-optical coefficient of polymer in the melt
state.

2.2. Residual thermal stresses and birefringence

2.2.1. General
The thermally-induced stresses and birefringence are caused by

the non-equilibrium density or contraction and the viscoelastic
behavior of polymers during an inhomogeneous rapid cooling till the
polymer solidifies. The flow- and thermally-induced birefringence is
essentially coupled during injection molding process. The visco-
elastic constitutive equation, Eqs. (7) and (8), used to describe flow
behavior is no longer valid to describe the formation of stresses in
solid state. Since polymeric materials during cooling experiences
small strains due the temperature decrease below glass transition
temperature, a linear viscoelastic and photoviscoelastic constitutive
equations are used to evaluate the evolution of the thermal stresses
and birefringence. However, in the present study, in contrast to
earlier study based on free quenching [1], a combination of con-
strained and free quenching conditions during molding is employed.

For the case of the linear photoviscoelastic materials, Dill [17]
considered the refraction index tensor nij to be a functional of the
strain (or stress) tensor. For the case of small strains, an expansion of
the functional in power series and an application of time–temper-
ature superposition lead to the following constitutive equation for
linear photoviscoelastic materials under nonisothermal conditions:

nij �
nkk

3
dij ¼

Zz

0

Csðx� sÞ v

vs

h
sij �

skk

3
dij

i
ds

¼
Zz

0

C3ðx� sÞ v

vs

h
3ij �

3kk

3
dij

i
ds ð34Þ

with Cs and C3 being the stress and strain-optical function depen-
dent on temperature and time. The linear viscoelastic constitutive
equation under nonisothermal conditions is [18]:

sij ¼ � P þ
Zx

0

�
2Gðx� sÞ v

vs

�
3ij �

1
3

3kkdij

�

þ dijKðx� sÞ v

vs
½3kk � 33T �

�
ds ð35Þ
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with G and K being the shear and bulk relaxation modulus function
dependent on temperature and time and x being the reduced time
given as

x ¼
Zt

0

ds
aT ½TðsÞ�

(36)

2.3. Constrained quenching

Constrained quenching is employed when the melt pressure in
the cavity is non-zero. In addition, when the temperature is lower
than the glass transition temperature (T� Tg(P)), the linear photo-
viscoelastic and viscoelastic constitutive equations, Eqs. (34) and
(35), are applicable. The pressure dependence of density with the
glass transition temperature, Tg (P), given as Tg ¼ T0

g þ b3P is
described by the Tait equation [19]:

rðT ; PÞ ¼ r0ðTÞ
�

1� Cln
�

1þ P
BðTÞ

���1

(37)

where

r0ðTÞ ¼ r0
0

h
1þ ar0

0ðT � T0
g Þ
i�1

(38)

BðTÞ ¼ b1lexpð�b2lTÞ if T > Tg (39)

BðTÞ ¼ b1sexpð�b2sTÞ if T � Tg (40)

Tg ¼ T0
g þ b3P (41)

a ¼ al if T > Tg (42)

a ¼ as if T � Tg (43)

with the Tg
0 being Tg at 1 atm and b3 being a constant in the Tai-

t equation. Subscripts s and l refers to solid and liquid state,
respectively, and a is the thermal expansion coefficient, which is
the slope of PVT plot at constant P, and C is a constant.

In case of the constrained quenching, the through thickness
thermal stress and lateral strain was determined as [20]:

szz ¼ �p (44)

3yyðzÞ ¼
�p
3K

(45)

The lateral strain, 3yy, was calculated at the time of the occur-
rence of vitrification and maintained until the pressure released or
till ejection. At gapwise location where solidification takes place,
the lateral stress, syy, and the through thickness strain, 3zz, can be
calculated as follows. First, if shear stresses are negligible, one
considers the linear viscoelastic constitutive equation, Eq. (35),
with x and z being the lateral and thickness direction, respectively.
Then, Eq. (35) leads to

syy ¼ � P þ
Zx

0

�
2
3

Gðx� sÞ v

vs

3yy � 3zz

�

þ Kðx� sÞ v

vs

23yy þ 3zz � 33T

��
ds ð46Þ
Zx�
4 v  �
szz ¼ � P þ
0

�
3

Gðx� sÞ
vs

3yy � 3zz

þ Kðx� sÞ v

vs

23yy þ 3zz � 33T

��
ds ð47Þ

From Eqs. (44) and (45), one can obtain that

Zx

0

Kðx�sÞ v

vs

23yyþ3zz�33T

�
ds¼

Zx

0

4
3

Gðx�sÞ v

vs

3yy�3zz

�
ds (48)

Then substitution of Eq. (48) into Eq. (46) leads to

syy ¼
Zx

0

2Gðx� sÞ v

vs

3yy � 3zz

�
ds (49)

Once the strain components are obtained, Eq. (34) can be used
to calculate the residual thermal birefringence as

Dnth ¼ ny � nz ¼
Zx

0

C3ðx� sÞ v

vs

3yy � 3zz

�
ds (50)

Solutions for the convolution integral and thermal birefringence
are given in Appendix B.

In addition, it is important to mention that the through thick-
ness strain of each melt layer satisfies a zero volumetric contraction
due to the fact that the melt is added to the fluid core such that

Zb

�b

3zzðzÞdz ¼ 0 (51)

The above equations are used to obtain the thermally-induced
stresses and birefringence when the part is partially solidified with
the core layers still being in the molten state and the outer layers in
the solidified state. The melt pressure acts only when the molten
resin is attached to the mold wall through the continuous molten
core [21]. When the core vitrifies and all layers are in the solid state,
the total through-thickness strain should also become constrained
assuming a fixed value. Consequently, the pressure can no longer be
prescribed but rather solved for till it vanishes. Otherwise, a higher
prescribed pressure can cause over-constraint leading to an incor-
rect prediction of the thermal stresses [21]. To predict the thermal
birefringence, the pressure and temperature fields are taken from
the flow simulation.
2.4. Free quenching

The free quenching condition is employed when melt pressure
drops to zero. Then the through thickness stress szz equals to zero.
The integration of the transverse stress syy along the thickness
direction leads to [15,22]

szz ¼ 0 (52)

Zb

�b

syydz ¼ 0 (53)

where b is the half of thickness of cavity. The pressure term in Eq.
(35) is removed and the linear viscoelastic constitutive equation
becomes
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Zx�
v
�

1
�

v
�

sij ¼
0

2Gðx� sÞ
vs

3ij � 3
3kkdij þ dijKðx� sÞ

vs
½3kk � 33T � ds

(54)

To solve the through thickness strain, the treatment similar
to that used in deriving Eq. (B6) (see Appendix B) is employed.
However, in this case the lateral strain, 3yy, is no longer a fixed
value. It can be solved by combining Eqs. (49) and (53). It
should be noted that the Eq. (49) is still valid in case of free
quenching. Therefore, by substituting Eq. (49) into Eq. (53), one
obtains

Zb

0

(Zx

0

2Gðx� sÞ v

vs

3yy � 3zz

�
ds

)
dz ¼ 0 (55)

By using the piecewise continuous approximation, Eq. (55)
becomes

Zb

0

(Xk

i¼1

2Gk;i
�

D3i
yy � D3i

zz

	)
dz ¼ 0 (56)

Separation of the kth term leads to

3k
yy ¼

Zb

0

h
Gk;kBk;k � mk;i

i
dz

Zb

0

h
Gk;k

�
1� Ak;k

	i
dz

(57)

Therefore, once the strain components 3k
zz and 3k

yy at the
current time, k, are obtained from Eq. (B6) and Eq. (57), the
lateral stress and birefringence can be calculated according to
Eqs. (B9) and (B10). This algorithm is originally proposed for
calculation of the residual thermal stress and birefringence in
free quenching of amorphous [15] and semi-crystalline [22]
polymers. However, use of free quenching assumption is too
simplistic to describe the residual thermal stress and birefrin-
gence in the injection molding process, especially when the
thermal stress and birefringence are comparable to that of the
flow-induced stress and birefringence. In fact, for the molded
parts of a complicated geometry or when a non-zero pressure
exists in a cavity, the molded parts do not detach from the wall
until the pressure drops to zero. Therefore, the constrained
quenching is added to remedy this deficiency.

Once the flow and thermal birefringence is calculated, the
total birefringence is assumed to be the summation of both as
follows:

Dn ¼ Dnflow þ Dnth (58)

The thermal strain 3T, including volume relaxation, in a non-
isothermal process can be described, as follows [23]:

d3T

dt
¼ ag

dT
dt
� 3T � 3Te

sraT
(59)

where 3T and 3Te are the actual and equilibrium thermal strain,
respectively, at temperature T. The value of sr is the volume relax-
ation time at a reference temperature of Tr, with aT being the
modified shift factor for the volume relaxation and ag is the linear
expansion coefficient in the glassy state.
The modified form of the WLF equation is:

log aT ¼
�C1

�
Teff � Tr

	
C2 þ Teff � Tr

(60)

where Teff is the effective temperature, corresponding to the
temperature when an equilibrium state has the same amount of
free volume as the non-equilibrium state. This temperature is
related to the actual temperature through

Teff ¼ T þ 3T � 3Tr

a1 � ag
if T � T2 (61)

Teff ¼ T2 þ
3T � 3Tr

a1 � ag
if T < T2 (62)

The equilibrium thermal strain is given as:

3Te ¼ a1ðT � TiÞ if T � T2 (63)

3Te ¼ a1ðT2 � TiÞ þ agðT � T2Þ if T < T2 (64)

where al and ag are the thermal expansion coefficients in the liquid
and glassy states, respectively. The T2 is the glass transition
temperature observed at infinitely slow cooling rate. This temper-
ature can be determined by the WLF equation as follows. The free
volume, Vf, is defined as the difference of total macroscopic volume,
V, and the actual volume, V0.

Vf ¼ V � V0 (65)

According to Doolittle [24] the relationship between the
viscosity and the free volume is:

logh ¼ logAþ B
�

1
f
� 1

�
(66)

where A and B are constants and f is the fractional free volume defined
as Vf/V. By using linear viscoelasticity, the shift factor is defined as:

log aT ¼ log
�

hðTÞ
hðTrÞ

�
¼ log

�
sðTÞ
sðTrÞ

�
(67)

where h and s are viscosity and relaxation time, respectively. Then,
Eq. (66) can be substituted into Eq. (67) to obtain

log aT ¼ B
�

1
f ðTÞ �

1
f ðTrÞ

�
(68)

From the PVT behavior of amorphous polymers, it is reasonable to
assume that the equilibrium fractional free volume increases linearly
with temperature at T� T2. Then the fractional free volume becomes

f ¼ af ðT � T2Þ (69)

where af is the thermal expansion coefficient of the fractional free
volume above T2. Substituting Eq. (69) into Eq. (68) results in

logaT ¼
�BðT � TrÞ

af ðTr � T2Þ½ðTr � T2Þ þ T � Tr�
¼ �C1ðT � TrÞ

C2 þ T � Tr
(70)

Accordingly, once the WLF equation is obtained, the T2 can be
taken as C2� Tr. Then, Eq. (50) and Eq. (54) can be used to eval-
uate the thermal birefringence. However, according to Eq. (60),
the shift factor will become infinity when C2 is equal to Tr� Teff.
For this reason, an additional assumption has to be made con-
cerning the effective temperature T< T2. Although in Eq. (60) the
reference temperature can be chosen arbitrary, the effective
temperature introduced is below Tg, since an additional non-
equilibrium free volume appears in the temperature range



Fig. 1. Flow chart for calculation of the flow-induced birefringence and anisotropic
shrinkage.
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between Tg and Teff. For that reason, the reference temperature Tr

in Eq. (60) is chosen as Tg.

2.5. Anisotropic shrinkage in injection moldings

The volumetric shrinkage is predicted based on the specific
volume, V, determined by the thermal and pressure history of the
melt during the injection molding process. The volumetric
shrinkage is calculated as [25]

SV ¼
Vi � Vf

Vi
(71)

where Vi is the initial specific volume of the melt and Vf is the final
specific volume at room temperature. Since the polymer melt
undergoes severe pressure and temperature changes in a short
time, the initial specific volume cannot be assumed to be the same
as that at constant pressure and temperature conditions. In the
present simulation, the initial specific volume is calculated as

Vi ¼
1�

tp � tf

	Z
tp

tf

VðtÞdt (72)

where tf is the time at the end of the filling stage, tp is the packing
time and VðtÞ is the time-dependent specific volume averaged
through the gapwise direction for a particular cross section such that

VðtÞ ¼ 1
b

Zb

0

Vðz; tÞdz (73)

The specific volume is calculated from Tait equation of state, Eq.
(37).

The shrinkage in the injection molded products is determined
by cooling, pressure and elastic recovery effects [2,3]. The cooling
causes all layers to experience the thermal contraction after ejec-
tion. In addition, each cross section solidifies under the packing
pressure and therefore, at the end of the packing stage, tends to
expand proportional to its value. At the end of packing stage, at the
position where T> Tg, a recovery of the elastic strain that intro-
duced during flow, occurs due to an abrupt pressure decay caused
by the release of the packing pressure. Due to these three effects,
the total shrinkage can be calculated as

Si ¼ ai
�
Tg � TN

�
� biP þ SgN

; i ¼ x; y (74)

where ai is the linear thermal expansion coefficients. TN is the
ambient temperature, bi is the compressibility, P is the average
solidification pressure at each cross section, and SgN

is the
shrinkage that is due to the elastic recovery strain, ge, which is
accumulated until the end of the packing stage. Values of ai are
evaluated based on biaxial orientation functions such that

ai ¼ a0

�
1� for;i

	
(75)

in which for,i is the orientation function in i direction, obtained as

for;i ¼
Dni

Dn0 (76)

where Dni is the calculated birefringence along i direction, and Dn0

is the intrinsic birefringence.

SgN
¼
Ztp

0

_geðtÞdt (77)
Simulations in [26] showed that the contribution of the
compressibility to the anisotropic shrinkage in LGP moldings is
negligible due to small difference introduced by the low value of the
orientation function developed during molding. Also, at the pro-
cessing conditions used in [26] the melt temperature at the end of
packing stage has dropped below Tg at all points in the LGP cavity such
that the contribution of the elastic recovery to shrinkage becomes
negligible. Therefore, terms corresponding to compressibility and
elastic recovery in Eq. (74) are dropped in calculation of shrinkage.
Then, the shrinkage in the thickness direction is calculated based on
the volumetric shrinkage and anisotropic in-plane shrinkage as

SzySv � Sx � Sy (78)

2.6. Numerical algorithm

The flow charts for calculation of the flow birefringence as well
as the anisotropic shrinkage and the thermal birefringence are
shown in Figs. 1 and 2, respectively. The numerical algorithm for
simulation of flow in injection molding is based on CV/FEM/FDM
scheme using a variable time step. The velocity, pressure, temper-
ature and elastic strain tensor are calculated and updated at a new
time step, wþ 1. In the delivery system, contraction and expansion
flows typically occurring due to the presence of junctions are
neglected. Accordingly, the viscoelastic simulation in the delivery
system is carried out based on one-dimensional viscoelastic flow.
This simplification is done in order to avoid simulations of the two-
dimensional contraction and expansion nonisothermal viscoelastic
flow. It should be noted that to the best of our knowledge such



Fig. 4. Time step in a two-dimensional flow is determined as the shortest time
required to fully fill one of the neighboring control volumes. (Solid circles: fully-filled
node, shaded circles: partially-filled node, open circles: empty node).

Fig. 2. Flow chart for calculation of the thermal birefringence.
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viscoelastic simulations are not developed yet. The duration of each
time step in the delivery system during the filling stage is obtained
by calculating the time required for the current melt front to fill the
next control volume. This volume is defined as the volume con-
structed by connecting the center point of two consecutive nodes,
except for entrance and end nodes, as shown in Fig. 3. The large and
small circles in Fig. 3 present, respectively, the nodes and center
points of two consecutive nodes defining control volumes. In a two-
dimensional flow, as occurs in disk or LGP cavity, the control
volume of a node is determined by the volume defined by con-
necting the centroid of neighboring triangular elements, as indi-
cated in Fig. 4. Therefore, the time step is determined as the
shortest time required for the melt front to fill one of the neigh-
boring control volumes. Fully filled, partially filled or empty nodes
are shown in Fig. 4 by solid, shaded and empty circles, respectively.
The arrows indicate the direction of melt front propagation.

Once the time step is calculated, the melt front nodes to be fully
filled, partially filled or empty are determined and then, the pressure is
iteratively solved according to Eqs. (A3) and (A7). To apply these
equations for calculation of the pressure field, the Tait equation of
state, Eq. (37), along with calculated time step are used to evaluate the
G and H by using Eqs. (28) and (29). However, the fluidities, Si in Eqs.
(30) and (31) are coupled with shear rates and shear rates in Eqs. (23)
and (24) are related to velocities in Eqs. (25) and (26) and the elastic
strain tensor components in Eqs. (9a)–(9f). Therefore, an iterative
process is required to solve these equations simultaneously to deter-
mine Si. To initiate this process, initial guesses for the elastic strain
tensor components are required. Accordingly, the steady state solution
Fig. 3. Time step in an one-dimensional flow is determined as the time required to
fully fill a control volume. (Large circles: nodes, small circles: boundary of control
volumes, dashed line: control volume).
of the elastic strain tensor components is used for the initial guesses at
each calculated node except for the entrance node. For the entrance
node, since the temperature is fixed until the end of packing stage, it is
reasonable to take the steady state solution of the elastic strain tensor
components of Eqs. (9a)–(9f). Therefore, Eqs. (23)–(26) and Eqs. (9a)–
(9f) can be solved simultaneously until shear rates are converged. The
calculated shear rates are then used to evaluate Si in Eqs. (30) and (31).
Then, the pressure is obtained by Eqs. (A3) and (A7). Once the new
pressure of node m, pwþ1;new

m , is obtained, the under relaxation
method [16] is used to calculate the updated pressure according to

pwþ1;update
m ¼

�
1� up

�
pwþ1;old

m þ uppwþ1;new
m (79)

where up is the weighting factor varying from 0 to 1. Typically, this
value in the present study is between 0.7 and 0.8. If the pwþ1;new

m is
not equal to pwþ1;update

m , the entire process repeated until
a convergence is reached.

In addition, the calculation of temperature field should be also
incorporated into the iteration process for pressure calculation
since the relaxation time, hk, and viscosity, qk, are temperature
dependent, as indicated in Eqs. (18) and (19). To simplify the
calculation, the temperature obtained in the wth time step is used
for the entire pressure iteration. After the velocity, pressure and
elastic strain tensor fields are obtained, the energy equation, Eq. (4),
is solved for the temperature field at time step wþ 1 by using under
relaxation method as

Twþ1;update
m ¼ ð1� uT ÞTwþ1;old

m þ upTwþ1;new
m (80)

where uT is the weighting factor varying from 0 to 1. This algorithm
is continued until the end of the filling stage.

In the packing stage, the algorithm is similar to the filling stage,
but the time steps are assigned rather than solved for, since no melt
front propagation is involved in this stage. It should be noted that
Eqs. (A3) and (A7) are still valid. The pressure at the entrance is
equal to the applied packing pressure. The flow rate at the entrance,
Qc1, is calculated. The obtained velocity, pressure and elastic strain
tensor fields are used to calculate the flow rate by summation of
Table 1
Processing condition for the injection molding of PS disc.

Flow rate
(cm3/s)

Melt temperature
(�C)

Mold temperature
(�C)

Packing pressure
(MPa)

Packing
time (s)

23.8 225 40 15 6



Table 2
Material specification and parameters for PS Styron 615.

WLF equation Refs.
C1 8.285
C2(K) 131.90 [30]
Tr(K) 473.5
Rheological model [30]
s 0.00484
Tr(K) 473.5
h1(Pa s) 2228
q1(s) 0.1466
h2(Pa s) 446.8
q2(s) 0.00489
Tait equation [37]
b1l (m3/Kg) 9.799e�4
b1s(m

3/Kg) 9.799e�4
b2l (m3/Kg K) 5.788e�7
b2s (m3/Kg K) 2.429e�7
b3l (N/m2) 4.615e�8
b3s (N/m2) 3.301e�8
b4l (K�1) 3.019e�3
b4s (K�1) 1.380e�3
b5(K) 376.0
b6(K/Pa) 3.20e�7
Dn0 �0.195 [38]
Cs (Pa�1) �5.2E�9 [14]
k (J/m s K) 0.122 [37]
Cp (J/Kg K) 2050 [37]

Fig. 6. Comparison of calculated pressure traces during the filling stage and at the
onset of the packing stage at various locations by the conventional scheme (symbols),
used in [30], and the unconditionally stable upwinding scheme (curves) of the present
study.
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flow rates in each node at the melt front, Qc2. The convergence
reaches when Qc1 is equal to Qc2.

In the cooling stage, the shear rate and velocity are zero.
Therefore, the energy equation, Eq. (4), reduces to a one-dimen-
sional transient heat conduction equation:

rCp
vT
vt
¼ v

vz

�
k

vT
vz

�
(81)

The governing equation for the elastic strain tensor, Eq. (8),
reduces to

vCk

vt
þ 1

2qk

�
C2

k þ
1
3

�
IIk

C � Ik
C

	
Ck � I

�
¼ 0 (82)

In the cooling stage, the relaxation process occurs, since no more
pressure is applied. The initial conditions for Ck and T correspond to
Fig. 5. Finite element mesh used in simulation of a disk injection molding. The
crosshatched, open and filled circles represent, respectively, the entrance nodes, nodes
and nodes where the simulated results are compared.
their values of at the end of the packing stage. The Eq. (81) is solved
by implicit method to obtain the temperature field. The Euler
method [27] is used to integrate Eq. (82) to obtain the elastic strain
tensor components.

In order to avoid a cumbersome numerical calculation in a two-
dimensional flow, the governing equations for the elastic strain
tensor,Ck, Eqs. (9a)–(9f), are rewritten in the streamwise coordinate
system and discretized as given in Appendix C. Then, the set of
discretized equations are solved by means of Newton–Raphson
method at each time step. The resulting Cij tensor components are
used to calculate new shear rates until a convergence is met. The
initial guess of Cij tensor is taken as an average value from upwind
nodes [28,29]. To determine the upwinding nodes correctly, the
sequence of calculation is essential to ensure that the calculated
sequence of Cij is always from downstream nodes. In case of a one-
dimensional flow, the solution is straightforward since the
sequence of calculation is the same as the sequence of nodes
numbering. However, in case of a two-dimensional flow it becomes
complicated, since the numbering of node is arbitrary. To resolve
this issue, the calculated nodal pressures are used to indicate the
sequence of calculations, since the flow always takes place from
Fig. 7. Comparison of calculated pressure traces during the filling and packing stages
at various locations by the conventional scheme (symbols), used in [30], and the
unconditionally stable upwinding scheme (curves) of the present study.



Fig. 8. Calculated gapwise birefringence at the end of filling stage at various locations
by the conventional scheme (symbols), used in [30], and the unconditionally stable
upwinding scheme (curves) of the present study.
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a high to low pressure location. Therefore, the calculated pressure
from the previous time step is compared with that at the beginning
of current time step. This way the sequence of calculations is
determined.
2.7. Numerical test

To verify the new numerical scheme, a numerical test for an
injection molding of a PS disc is carried out to compare the present
simulated results with those given in [30]. Table 1 shows the pro-
cessing condition used in this test. The material parameters used in
this test are given in Table 2. It is seen from Table 2 that rheological
model for PS melt is represented by two relaxation modes.
Generally, two relaxation modes are insufficient for the description
of flow in injection molding occurring in wide range of shear rates.
However, in the present paper this is done in order to provide the
exact comparison with earlier simulated results [30] obtained using
the same two relaxation modes. Larger number of relaxation modes
will be introduced in Part 2 of this study where extensive
comparisons of simulated results with experimental data will be
carried out for LGP moldings.
Fig. 9. Calculated gapwise birefringence at the end of packing stage at various loca-
tions by the conventional scheme (symbols), used in [30], and the unconditionally
stable upwinding scheme (curves) of the present study.
Fig. 5 shows the finite element mesh of a quarter disc molding in
which 315 linear triangular elements and 184 nodes are used in the
planar direction with 40 evenly spaced finite difference grids in the
gapwise direction. The radius and thickness of the disk are 5.08 cm
and 0.2 cm, respectively. Also, in the Fig. 5, the global nodal
numbers of 26, 44, 66, 92 and 139 correspond to the radius of 1.79,
2.43, 3.07, 3.72 and 4.68 cm, respectively. Simulated data at these
positions reported in [30] are used for comparison with the present
simulated results.

Fig. 6 shows a comparison of pressure traces during the filling
stage and at the onset of packing stage at the gate and at radii of
1.79 and 3.72 cm calculated by conventional numerical scheme
(symbols), used in [30], and unconditionally stable upwinding
scheme (curves), used in the present study. Fig. 7 indicates the
calculated pressure traces during the filling and the entire packing
stage at the same locations. Nearly identical values are observed in
the filling stage, but a slight deviation occurs at locations of 1.79
and 3.72 cm at the end of the packing stage. In particular, the
results calculated by unconditionally stable upwinding scheme
exhibit a slightly faster pressure relaxation than the conventional
scheme.

Fig. 8 demonstrates the calculated gapwise birefringence at the
end of filling stage at various locations by the conventional scheme
(symbols), used in [30], and the unconditionally stable upwinding
scheme (curves), used in the present study. The Dn calculated by
the unconditionally stable upwinding scheme shows only slightly
higher values of birefringence than that calculated by the conven-
tional scheme.

Fig. 9 shows the calculated gapwise birefringence at the end of
the packing stage at various locations by conventional scheme
(symbols), used in [30], and the unconditionally stable upwinding
scheme (curves), used in the present study. Again, the Dn calcu-
lated by the unconditionally stable upwinding scheme shows
slightly higher values of birefringence. The largest deviation of
9.2% occurs at the maximum birefringence occurring at a radius of
1.79 cm.

Although a slight deviation between numerical results obtained
by two algorithms is observed, the calculation time is reduced from
2 h to 30 min by using the unconditionally stable upwinding
scheme. This is due to the fact that a subdivision of the time step is
required for the conventional upwinding scheme, if Eq. (C9) is not
satisfied. That means the current time step has to be divided by 2
and the entire calculation has to be repeated. If the convergence is
still not met, the same procedure has to be carried out again. In fact,
when the number of elements and the local velocity are large, the
time saving is substantial due to complete elimination of the
subdivision of time step.

3. Conclusion

Based on the numerical test presented in this study, it can be
concluded that the unconditionally stable upwinding scheme for
viscoelastic simulation of injection molding process is more effi-
cient and resulted in similar predicted pressure traces and flow
birefringence as the conventional upwinding scheme. It is shown
that the proposed numerical scheme is able to provide a signifi-
cantly faster solution. Therefore, it is more feasible for use in future
commercial applications. Also, it should noted, as will be shown in
the subsequent paper, the simulation of the total frozen-in bire-
fringence in moldings determined by summation of the frozen-in
flow birefringence, calculated by using a nonlinear viscoelastic
constitutive equation, and the thermal birefringence based on
combination of both constrained and free quenching and calculated
by using linear viscoelastic and photoviscoelastic constitutive
equations provides a better agreement with experimental data.
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Appendix A. Numerical solution of Hele-Shaw equations

To obtain the FEM forms, the linear shape functions are applied
to Eqs. (27) and (32) [31,32]. In case of two-dimensional triangular
elements, the pressure field can be expressed through the linear
shape functions leading to the following FEM form of Eq. (27):

GlAl
X3

n¼1

EiN
Pw

i � Pwþ1
i

Dt
þ Sl

X3

n¼1

Dl
iNPwþ1

i ¼ �AlHl

3
(A1)

where subscript i presents local node number, i ¼ 1, 2, 3, and the
subscipt l represents global element number. The Al denotes the
element area and w and wþ 1 is a current and new time step,
respectively, and

EiN ¼
�

1=6
1=12

if
i¼N
isN

Dl
iN ¼

1
4Al

h
bl

2ib
l
2N þ bl

3ib
l
3N

i
(A2)

where bl
ij indicates weighting factors for i ¼ 1, 2, 3. Eq. (A1) is the

FEM form of the governing equation suitable for introducing the
concept of control volume. If one assumes Gl is evaluated at each
node M, as GM, separation of the diagonal and off-diagonal
components, leads to
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3
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where M ¼ NELNOD(l, q) and N¼NELNOD(l, k). The function M ¼
NELNOD(l, q) indicates the global node number M of the local qth
node of element l. In Eq. (A3)

QM ¼ 0
QM ¼ QEnt
QM ¼ QMF

for
Fully-filled nodes
Entrance nodes
Melt front nodes

(A4)

Now, the governing Eq. (A3) can be used to solve for pressure
field in a two-dimensional flow by under relaxation iteration [16].

To obtain the FEM form of governing equation in a one-dimen-
sional flow (Eq. (32)), the pressure field can be expressed through
the linear shape functions leading to the following FEM form

GlLl

2

X2

n¼1

EiN
Pw

i � Pwþ1
i

Dt
þ Sl

X2

n¼1

Dl
iNPwþ1

i ¼ �LlHl

2
(A5)

where Ll is the length of the one-dimensional element, and

EiN ¼
�

2=3
1=3

if
i¼N
isN

Dl
iN ¼

1
Ll

�
1 �1
�1 1

�
(A6)

Similar to Eq. (A1), Eq. (A5) can be discretized by separation of
the diagonal and off-diagonal components to obtain
XCV
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qqPw
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2
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The conditions on QM are the same as in Eq. (A4). Accordingly,
the control-volume finite element method [31–33] with triangular
and linear elements with linear shape functions is used to solve for
the pressure field by using Eqs. (A3) and (A7), respectively. It should
be noted that G and H are constant in each control volume; Sx and Sy

are constant in each element. In addition, it has to be noted that
Eqs. (A3) and (A7) are used in both the filling and packing stages.
The only difference is that in the filling stage the flow rate is
assigned at entrance nodes to solve for pressure, while in the
packing stage the flow rate is calculated at specified entrance
pressure.
Appendix B. Solution for convolution integral

Constrained quenching

To solve the convolution integral of Eq. (48), the piecewise
continuous approximation [34] was used to obtain the through
thickness strain. This approximation can be used only when the
change of strain is small enough such that

Zt

0

f ðx� sÞvqðsÞ
vs

ds ¼
Xk

i¼1

�
Dqif k;i

	
(B1)

in which

Dqi ¼ q
�
ti�� q

�
ti�1� and f k;i ¼ 1

Dti

Zti

ti�1

f ðx� sÞds (B2)

Therefore, the integrals in Eq. (48) can be discretized as

Zx
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Gðx� sÞv3yy
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�
D3i

yyGk;i
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in which
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yy ¼ 3yy

�
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� 3yy

�
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x
i�1

Gðx�sÞds (B4)

Accordingly, Eq. (48) becomes
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Separation of the kth term corresponding to the current time
step generates
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lk;i ¼ �Kk;k
�

Ik�1
3 þ 3D3k

T

	
þ
Xk�1

i¼1

h
Kk;i
�

DIi
3 � 3D3i

T

	i
(B8)

Therefore, the strain components are fully determined. By
applying the same treatment to Eq. (49), one obtains
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Applying the piecewise continuous approximation to Eq. (50)
leads to
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Eq. (B10) is used to calculate the thermally-induced birefrin-
gence after obtaining strain components.
Appendix C. Governing equations for Ck in the streamwise
coordinates

By introducing the streamwise coordinate system (s, q, z) [16],
where s is the streamwise direction, q is perpendicular to the s in
the counterclockwise direction, and z is the gapwise direction, Eqs.
(9a)–(9f) reduce to

DCss;k

Dt
� 2Csz;k

vvs

vz
þ 1

2qk

�
C2

ss;k þ C2
sz;k � 1

	
¼ 0 (C1)
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2qk
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¼ 0 (C3)

detjCkj ¼ Css;kCzz;k � C2
sz;k ¼ 1 (C4)

in which only three elastic strain tensor components left to be
solved instead of five. Components of the elastic strain tensor in
a global coordinate system are recovered as

Cxx;k ¼ Css;kcos2fþ sin2f (C5)

Cyy;k ¼ Css;ksin2fþ cos2f (C6)

Cxz;k ¼ Csz;kcosf (C7)

Cyz;k ¼ �Csz;ksinf (C8)

where f is the angle between vector x and s.
Eqs. (C1)–(C4) indicate a set of elliptic partial differential

equations (PDEs). To solve these PDEs, the upwinding finite
difference scheme is applied [32] in which the forward difference is
used to discretize time variable, and the backward difference for
space variable. However, such an algorithm can be only stable at the
following condition:

vsdt
ds

< 1 (C9)

Therefore, a very small time step is required, especially at high
velocities. If the current time step is large, then a subdivision of the
time step is required. This introduces significant calculation effort
and limits the ability of handling various processing conditions.
Accordingly, an unconditionally stable upwinding scheme [13] is
used to remedy this limitation and reduce the calculation time.
With this new proposed unconditionally stable upwinding scheme,
the forward difference is still used to discretize time variable, but
the backward difference is used to discretize space variable at t þ 1.
If t þ 1 presents the current time and t is the previous time, Eqs.
(C1)–(C4) result in a nonlinear system of equations:
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To solve this nonlinear system of equations, the Newton–
Raphson method [35,36] is used as follows

�FðXnÞ ¼ JðXnÞðXnþ1 � XnÞ (C13)

where

F ¼ ½ F1 F2 F3 �T (C14)
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and J is the Jacobian matrix defined as
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