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ABSTRACT

An unconditionally stable upwinding scheme was proposed to improve the efficiency of the viscoelastic
simulation in molding of optical products using a CV/FEM/FDM technique. A significant computation
time saving was achieved due to an elimination of subdivision of the time step as required in the
conventional numerical scheme. The approach was applied to simulate the flow-induced birefringence
and anisotropic shrinkage in disk moldings using a nonlinear viscoelastic constitutive equation, orien-
tation functions and equation of state. The two-dimensional triangular finite element meshes were used
in the disk cavity and the one-dimensional tubular elements were utilized in the delivery system. Good
agreement was shown between the simulated pressure traces and flow birefringence in the molding
using the unconditionally stable upwinding scheme of the present study and the conventional numerical
scheme of the earlier study. In addition, an algorithm for simulation of the thermal stresses and bire-
fringence in moldings using linear viscoelastic and photoviscoelastic constitutive equations was pre-
sented by combining constrained and free quenching approaches. The proposed numerical scheme for

viscoelastic simulation of injection molding is more suitable for future commercial applications.

© 2009 Elsevier Ltd. All rights reserved.

1. Introduction

The manufacturing of precision plastic optical parts such as
lenses, disk substrates, light guide plates (LGPs) and other optical
components by injection and injection/compression molding
processes is an important industrial technology. Over the years,
a number of attempts on modeling the residual stresses and
molecular orientation in injection molding of amorphous polymers
have been made by various researchers. Recent paper [1] provides
a brief overview of studies devoted to the subject matter and efforts
in simulation of optical retardation in disk substrates made of
amorphous polymers. A new approach was also proposed for the
simulation of anisotropic shrinkage in moldings of amorphous
polymers [2]. Recently, a review of various approaches available to
calculate anisotropic shrinkage in moldings was made [3].

LGPs are used in backlight system comprising of a light source,
an LGP and various layers of reflective, diffusive and optical prism
films. In this system, the light rays from the source are directed into
the side of the LGP, sometimes both sides, and are guided inside the
plate based on the total internal reflection. The rays are reflected
and refracted by micro patterns at the bottom of the LGP, which
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could be an array of ink printed white spots [4] or V-groove
microstructures [5,6]. The major concern in the manufacturing of
LGPs is the light transmission, termed luminance, because plastic
LGP needs to deliver the light from its edges to the front surface
with the highest possible efficiency. It was recently found that the
processing conditions in injection molding have a strong effect on
the luminance of V-groove LGPs [7]. In particular, the luminance of
LGPs made of optical grade polycarbonates was measured and
found to be affected by the depth of melt filling of the grooves and
frozen-in birefringence. Imperfections in filling of V-grooves are
influenced by local pressure and temperature histories. Measure-
ments of the depth of melt filling were carried out at different
locations in moldings obtained at various processing conditions.
The influence of molding conditions on filling of V-grooves and
luminance performance of LGPs was elucidated. Also, a series of
experiments were performed to investigate the effects of cavity
conditions on transcription molding of micro-scale prisms made of
PMMA [8]. It was found that melt filling of the V-grooves can be
affected by the pitch, direction of groove layout, direction of melt
flow propagation and cavity pressure during melt filling stage. It
was concluded that the transcription during the melt filling stage
dominates the entire transcription process. Typically, an ideal
layout of V-grooves can be optimized by an optical simulation [9,10]
that may lead to an optimal luminance of LGPs. However, it should
be noted that the luminance is also related to the frozen-in
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molecular orientation (birefringenc) in LGPs [7]. Thus, there is a real
need to simulate the frozen-in birefringence in optical products.

Part I of the present study describes a numerical simulation of
one- and two-dimensional flow using a control volume/finite
element/finite difference method (CV/FEM/FDM) in injection
molding process of an optical disk including the filling, packing and
cooling stages. The compressible Leonov model [11] is used to
calculate the flow stresses and the flow birefringence related to the
flow stresses through the empirical linear stress-optical rule [12]. In
carrying out the present viscoelastic simulations, an uncondition-
ally stable upwinding scheme [13] is used to remedy the limitations
on small time step requirement of the previous calculations [1].
The linear viscoelasticity and photoviscoelasticity together with the
first order rate equation for the volume relaxation [14,15] are
employed to calculate the thermal stresses and the thermal bire-
fringence using a combination of constrained and free quenching
approaches. The orientation function, equation of state and elastic
recovery are used to simulate anisotropic shrinkage. In Part 2 the
predicted birefringence and anisotropic shrinkages in LGP mold-
ings will be compared with the experimental results obtained at
different processing conditions.

2. Theory and governing equations
2.1. Residual flow stresses and birefringence

Mold filling during the injection molding process is comprised
of three stages: filling, packing and cooling. Flow stresses and
birefringence are arised as a result of cavity filling and packing
stages. Due to the viscoelastic nature of a polymer melt and fast
cooling the flow stresses and birefringence do not completely relax
and remain residual in moldings. The momentum equations, in the
absence of inertia and body forces, and the mass balance equation
are:
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where x and y are planar directions and z is the gapwise direction,
ojj represents the total stress, vy and vy, are velocity components in
the x and y directions, respectively.

In a nonisothermal problem, the momentum and mass balance
equations are coupled with the energy equation:

oT oT oT oT
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where Cp, kand @ are the specific heat, thermal conductivity and the

dissipation function, respectively. The dissipation function is given
as [16]
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is the deformation rate tensor and Cj is the elastic strain tensor.

By employing the Leonov constitutive model, the stress tensor
can be related to the velocity gradient tensor as follows [11]:

g = —Po +1705<Vy +VyT>+ZZ—I’:Ck (7)
k

with governing equation for Cy being
T 7 [ck (uc 1€)C ~ 1} =0 (8)

where P is the pressure, s is a rheological parameter lying between
zero and one, and 7 and 6§y are, respectively, the shear viscosity and
relaxation time of the kth mode, and C} is the Jaumann derivative
of the elastic strain tensor, I is the identity tensor and I’g and II’g are
the first and the second invariant of the elastic strain tensor, C. The
Eq. (8) can be expanded as follows:
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where D,g"" is the substantial derivative of C with respect to time:
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The boundary conditions on velocity, pressure, flow rate and
temperature are as follows.

(10)

UX:UyIO,atZIb (11)
vy _ vy _ _
aZ_az_Oatz_O (12)

In the filling stage, pressure at the melt front is assumed to be
zero and the flow rate, Q, is specified at the nozzle or sprue entrance.

P = 0 at the melt front (13)

Q = Qo at the entrance (14)

In the packing stage, the pressure at the nozzle or entrance is
assigned according to the applied packing pressure and the flow
rate is solved.

P = Ppacking at the entrance (15)

To calculate the temperature field, a constant wall (mold)
temperature, T,,, and the symmetry along the centerline is assumed:

T=Tyatz=> (16)
oT
&_Oatz_o 17)
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In addition, the temperature-dependent viscosity and relaxation
time are given by the shift factor, ag, such as

M(T) = nkm)j—; (18)
0 (T) = Hk(Tr)aTr (19)

where ar is the shift factor at the temperature T described by the
WLF equation:

—Gi(T-Ty)

logar = T T,

(20)
with T being the reference temperature. C; and C, are
constants that are obtained by curve fitting of temperature shift
factor from viscosity curves measured at different temperatures.
By substituting Eq. (7) into the Egs. (1) and (2) and integrating the
results with respect to zand using the symmetric boundary conditions,
Eq.(11), the velocity gradients in the absence of normal forces become:
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Integration of Egs. (21) and (22) using Eq. (11), leads to:
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Nx
oP
vy = ay d ! (26)

With substitution of Eqs. (25) and (26) into Eq. (3), the gov-
erning equation for pressure becomes:
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For one-dimensional flow, Eq. (27) reduces to
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Egs. (27) and (32) are the classical Hele-Shaw equations that
needs to be solved by numerical methods, as given in Appendix A.

Once the pressures and elastic strain tensor components at
calculated nodes are converged, the stress components are calcu-
lated according to Eq. (7) at each time step. Then, the flow-induced
birefringence components are evaluated by applying the stress-
optical rule [12]:

Anflow = Cy1/(0xx — 0,2)*+402,

2
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(33)

where the C; is the stress-optical coefficient of polymer in the melt
state.

2.2. Residual thermal stresses and birefringence

2.2.1. General

The thermally-induced stresses and birefringence are caused by
the non-equilibrium density or contraction and the viscoelastic
behavior of polymers during an inhomogeneous rapid cooling till the
polymer solidifies. The flow- and thermally-induced birefringence is
essentially coupled during injection molding process. The visco-
elastic constitutive equation, Egs. (7) and (8), used to describe flow
behavior is no longer valid to describe the formation of stresses in
solid state. Since polymeric materials during cooling experiences
small strains due the temperature decrease below glass transition
temperature, a linear viscoelastic and photoviscoelastic constitutive
equations are used to evaluate the evolution of the thermal stresses
and birefringence. However, in the present study, in contrast to
earlier study based on free quenching [1], a combination of con-
strained and free quenching conditions during molding is employed.

For the case of the linear photoviscoelastic materials, Dill [17]
considered the refraction index tensor nj to be a functional of the
strain (or stress) tensor. For the case of small strains, an expansion of
the functional in power series and an application of time-temper-
ature superposition lead to the following constitutive equation for
linear photoviscoelastic materials under nonisothermal conditions:

nkkél] _ /C,,(E

- Joe

with C; and C, being the stress and strain-optical function depen-
dent on temperature and time. The linear viscoelastic constitutive
equation under nonisothermal conditions is [18]:
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with G and K being the shear and bulk relaxation modulus function
dependent on temperature and time and ¢ being the reduced time
given as

t
© o dr
‘= O/ ar[T(0)] (36)

2.3. Constrained quenching

Constrained quenching is employed when the melt pressure in
the cavity is non-zero. In addition, when the temperature is lower
than the glass transition temperature (T < Tg(P)), the linear photo-
viscoelastic and viscoelastic constitutive equations, Eqgs. (34) and
(35), are applicable. The pressure dependence of density with the
glass transition temperature, Ty (P), given as Ty = Tg + b3P is
described by the Tait equation [19]:

p(T,P) = po(T) [1 —Cln(l +%T))T (37)
where

polT) = r[1 + T —12)] " (38)
B(T) = byexp(—byT) if T> T, (39)
B(T) = bysexp(—bysT) if T<Tg (40)
Tg = Tg + bsP (41)
a=a if T>T, (42)
a=oa ifT<T, (43)

with the T2 being T, at 1 atm and b3 being a constant in the Tai-
t equation. Subscripts s and [ refers to solid and liquid state,
respectively, and « is the thermal expansion coefficient, which is
the slope of PVT plot at constant P, and C is a constant.

In case of the constrained quenching, the through thickness
thermal stress and lateral strain was determined as [20]:

Ozz = =P (44)

ey(2) = 3 I‘; (45)

The lateral strain, ¢y, was calculated at the time of the occur-
rence of vitrification and maintained until the pressure released or
till ejection. At gapwise location where solidification takes place,
the lateral stress, gyy, and the through thickness strain, ¢z, can be
calculated as follows. First, if shear stresses are negligible, one
considers the linear viscoelastic constitutive equation, Eq. (35),
with x and z being the lateral and thickness direction, respectively.
Then, Eq. (35) leads to
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From Egs. (44) and (45), one can obtain that
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Then substitution of Eq. (48) into Eq. (46) leads to

ayy = / 2G(¢ syy ezz]dt (49)

Once the strain components are obtained, Eq. (34) can be used
to calculate the residual thermal birefringence as

Anth = n, —n, = /Cg eyy &z]dt (50)

Solutions for the convolution integral and thermal birefringence
are given in Appendix B.

In addition, it is important to mention that the through thick-
ness strain of each melt layer satisfies a zero volumetric contraction
due to the fact that the melt is added to the fluid core such that

b
/ e22(2)dz = 0 (51)
b

The above equations are used to obtain the thermally-induced
stresses and birefringence when the part is partially solidified with
the core layers still being in the molten state and the outer layers in
the solidified state. The melt pressure acts only when the molten
resin is attached to the mold wall through the continuous molten
core [21]. When the core vitrifies and all layers are in the solid state,
the total through-thickness strain should also become constrained
assuming a fixed value. Consequently, the pressure can no longer be
prescribed but rather solved for till it vanishes. Otherwise, a higher
prescribed pressure can cause over-constraint leading to an incor-
rect prediction of the thermal stresses [21]. To predict the thermal
birefringence, the pressure and temperature fields are taken from
the flow simulation.

2.4. Free quenching

The free quenching condition is employed when melt pressure
drops to zero. Then the through thickness stress o, equals to zero.
The integration of the transverse stress oy, along the thickness
direction leads to [15,22]

JZZ = 0 (52)
b

/ ayydz = 0 (53)

—b

where b is the half of thickness of cavity. The pressure term in Eq.
(35) is removed and the linear viscoelastic constitutive equation
becomes



320 A.L Isayev, T-H. Lin / Polymer 51 (2010) 316-327
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To solve the through thickness strain, the treatment similar
to that used in deriving Eq. (B6) (see Appendix B) is employed.
However, in this case the lateral strain, ¢yy, is no longer a fixed
value. It can be solved by combining Egs. (49) and (53). It
should be noted that the Eq. (49) is still valid in case of free
quenching. Therefore, by substituting Eq. (49) into Eq. (53), one
obtains

b
/{ /2@(5_1)%[% —szz]dr}dz _0 (55)
o {9

By using the piecewise continuous approximation, Eq. (55)
becomes

/{Zzo’“( Al )}dz:o (56)
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Separation of the kth term leads to
b

/ Gk kBk k .k, 1] dz
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b

/ Gkk
0

Therefore, once the strain components &X, and e§§y at the
current time, k, are obtained from Eq. (B6) and Eq. (57), the
lateral stress and birefringence can be calculated according to
Egs. (B9) and (B10). This algorithm is originally proposed for
calculation of the residual thermal stress and birefringence in
free quenching of amorphous [15] and semi-crystalline [22]
polymers. However, use of free quenching assumption is too
simplistic to describe the residual thermal stress and birefrin-
gence in the injection molding process, especially when the
thermal stress and birefringence are comparable to that of the
flow-induced stress and birefringence. In fact, for the molded
parts of a complicated geometry or when a non-zero pressure
exists in a cavity, the molded parts do not detach from the wall
until the pressure drops to zero. Therefore, the constrained
quenching is added to remedy this deficiency.

Once the flow and thermal birefringence is calculated, the
total birefringence is assumed to be the summation of both as
follows:

ko
&y =

(57)
A"’kﬂdz

An = Anflow 4 Apth (58)

The thermal strain e, including volume relaxation, in a non-
isothermal process can be described, as follows [23]:

dET - dT T — ETe
Gt~ %dt T nay (59)

where er and ¢ are the actual and equilibrium thermal strain,
respectively, at temperature T. The value of 7, is the volume relax-
ation time at a reference temperature of T,, with ar being the
modified shift factor for the volume relaxation and «y is the linear
expansion coefficient in the glassy state.

The modified form of the WLF equation is:

—Cl< eff — Tr)

logar = Co + Tes — Tr

(60)
where Ter is the effective temperature, corresponding to the
temperature when an equilibrium state has the same amount of
free volume as the non-equilibrium state. This temperature is
related to the actual temperature through

T = T+ T 4 T>T, (61)
a1 — Qg
o & — € .
Tt = To+—= if T<T, (62)
o1 — Og

The equilibrium thermal strain is given as:

ere = (T —Tj) if T>T, (63)

(To = Th) + ag(T - To)

where o and oy are the thermal expansion coefficients in the liquid
and glassy states, respectively. The T, is the glass transition
temperature observed at infinitely slow cooling rate. This temper-
ature can be determined by the WLF equation as follows. The free
volume, Vy, is defined as the difference of total macroscopic volume,
V, and the actual volume, V.

e = 0 if T<T, (64)

Vi = V-V, (65)

According to Doolittle [24] the relationship between the
viscosity and the free volume is:

logn = logA +B(% - 1) (66)

where A and B are constants and fis the fractional free volume defined
as V/V. By using linear viscoelasticity, the shift factor is defined as:

RG] (67)

where 1 and 7 are viscosity and relaxation time, respectively. Then,
Eq. (66) can be substituted into Eq. (67) to obtain

1 1
logar = B[m—m} (68)

From the PVT behavior of amorphous polymers, it is reasonable to
assume that the equilibrium fractional free volume increases linearly
with temperature at T > T,. Then the fractional free volume becomes

f=0(T-Ty) (69)

where «ofis the thermal expansion coefficient of the fractional free
volume above T». Substituting Eq. (69) into Eq. (68) results in

log ar = log [

_B(T-T)) G -T)
y(lr —T)(Tr—T)+T-T;] G+T-T

logar = (70)

Accordingly, once the WLF equation is obtained, the T, can be
taken as C; — T;. Then, Eq. (50) and Eq. (54) can be used to eval-
uate the thermal birefringence. However, according to Eq. (60),
the shift factor will become infinity when C; is equal to T, — Tef.
For this reason, an additional assumption has to be made con-
cerning the effective temperature T < T». Although in Eq. (60) the
reference temperature can be chosen arbitrary, the effective
temperature introduced is below Tg since an additional non-
equilibrium free volume appears in the temperature range
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between T and Tefr. For that reason, the reference temperature T,
in Eq. (60) is chosen as Ty.

2.5. Anisotropic shrinkage in injection moldings
The volumetric shrinkage is predicted based on the specific
volume, V, determined by the thermal and pressure history of the

melt during the injection molding process. The volumetric
shrinkage is calculated as [25]

Sy = —— (71)

where V; is the initial specific volume of the melt and Vfis the final
specific volume at room temperature. Since the polymer melt
undergoes severe pressure and temperature changes in a short
time, the initial specific volume cannot be assumed to be the same
as that at constant pressure and temperature conditions. In the
present simulation, the initial specific volume is calculated as

Vi = ¥/V(t)dt (72)

where s is the time at the end of the filling stage, t, is the packing
time and V(t) is the time-dependent specific volume averaged
through the gapwise direction for a particular cross section such that

b
Wo:%/vmna (73)
0

The specific volume is calculated from Tait equation of state, Eq.
(37).

The shrinkage in the injection molded products is determined
by cooling, pressure and elastic recovery effects [2,3]. The cooling
causes all layers to experience the thermal contraction after ejec-
tion. In addition, each cross section solidifies under the packing
pressure and therefore, at the end of the packing stage, tends to
expand proportional to its value. At the end of packing stage, at the
position where T> T, a recovery of the elastic strain that intro-
duced during flow, occurs due to an abrupt pressure decay caused
by the release of the packing pressure. Due to these three effects,
the total shrinkage can be calculated as

Si = Cll'(Tg _Too) —ﬁil_)‘FSyw, i= X,y (74)

where ¢; is the linear thermal expansion coefficients. T is the
ambient temperature, §; is the compressibility, P is the average
solidification pressure at each cross section, and Sy  is the
shrinkage that is due to the elastic recovery strain, y,, which is
accumulated until the end of the packing stage. Values of «; are
evaluated based on biaxial orientation functions such that

o = ag (1 —for,i> (75)

in which fy; is the orientation function in i direction, obtained as
An;

for,i = A—Tl(l) (76)

where An; is the calculated birefringence along i direction, and An°®
is the intrinsic birefringence.

b
Sy, = / Te(t)dt (77)
0

Simulations in [26] showed that the contribution of the
compressibility to the anisotropic shrinkage in LGP moldings is
negligible due to small difference introduced by the low value of the
orientation function developed during molding. Also, at the pro-
cessing conditions used in [26] the melt temperature at the end of
packing stage has dropped below Tgat all points in the LGP cavity such
that the contribution of the elastic recovery to shrinkage becomes
negligible. Therefore, terms corresponding to compressibility and
elastic recovery in Eq. (74) are dropped in calculation of shrinkage.
Then, the shrinkage in the thickness direction is calculated based on
the volumetric shrinkage and anisotropic in-plane shrinkage as

S;=S,—~Sx—Sy (78)

2.6. Numerical algorithm

The flow charts for calculation of the flow birefringence as well
as the anisotropic shrinkage and the thermal birefringence are
shown in Figs. 1 and 2, respectively. The numerical algorithm for
simulation of flow in injection molding is based on CV/FEM/FDM
scheme using a variable time step. The velocity, pressure, temper-
ature and elastic strain tensor are calculated and updated at a new
time step, w + 1. In the delivery system, contraction and expansion
flows typically occurring due to the presence of junctions are
neglected. Accordingly, the viscoelastic simulation in the delivery
system is carried out based on one-dimensional viscoelastic flow.
This simplification is done in order to avoid simulations of the two-
dimensional contraction and expansion nonisothermal viscoelastic
flow. It should be noted that to the best of our knowledge such

Input material data and
mesh information

!

Determine number of melt
front nodes (MMELN)

True (filling) False (packing)

Calculate v(t), (1), p(t), and Cy(t)
until convergences achieved

' '

Calculate time increment and Calculate q(t), v(t), (t) and Cy(t)
advancement of melt front until convergences achieved
nodes t =t + dt l

Time increment assigned
t=t+dt

l

Calculate T(t) until
convergences achieved

Calculate T(t) until
convergences achieved

!

|

Calculate An™"(t) and Ac™"(t)

Calculate An™"(t) and Ac™(t)

!

I

7(t) =0, calculate An™"(t) and
Ac™N(1), Vi(t), S«(b), Si(t)

Calculate V (t)

True (cooling

t > packing
time

Fig. 1. Flow chart for calculation of the flow-induced birefringence and anisotropic
shrinkage.
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Input T and P

Calculate reduced time of
Eo and Ec.

p>0ort <tgeuig

True False

' '

Constrained quenching Free quenching
calculate An™(t) calculate An™(t)

L]

An"(t+dt)- An"(t))
/An"(t+dt) < tolerance

Stop

End of calculation False

Fig. 2. Flow chart for calculation of the thermal birefringence.

viscoelastic simulations are not developed yet. The duration of each
time step in the delivery system during the filling stage is obtained
by calculating the time required for the current melt front to fill the
next control volume. This volume is defined as the volume con-
structed by connecting the center point of two consecutive nodes,
except for entrance and end nodes, as shown in Fig. 3. The large and
small circles in Fig. 3 present, respectively, the nodes and center
points of two consecutive nodes defining control volumes. In a two-
dimensional flow, as occurs in disk or LGP cavity, the control
volume of a node is determined by the volume defined by con-
necting the centroid of neighboring triangular elements, as indi-
cated in Fig. 4. Therefore, the time step is determined as the
shortest time required for the melt front to fill one of the neigh-
boring control volumes. Fully filled, partially filled or empty nodes
are shown in Fig. 4 by solid, shaded and empty circles, respectively.
The arrows indicate the direction of melt front propagation.

Once the time step is calculated, the melt front nodes to be fully
filled, partially filled or empty are determined and then, the pressure is
iteratively solved according to Eqs. (A3) and (A7). To apply these
equations for calculation of the pressure field, the Tait equation of
state, Eq. (37), along with calculated time step are used to evaluate the
G and H by using Egs. (28) and (29). However, the fluidities, S; in Egs.
(30) and (31) are coupled with shear rates and shear rates in Egs. (23)
and (24) are related to velocities in Egs. (25) and (26) and the elastic
strain tensor components in Egs. (9a)-(9f). Therefore, an iterative
process is required to solve these equations simultaneously to deter-
mine S;. To initiate this process, initial guesses for the elastic strain
tensor components are required. Accordingly, the steady state solution

;Direcﬁotl of melt front

——G—o—0G—c—4@)

Fig. 3. Time step in an one-dimensional flow is determined as the time required to
fully fill a control volume. (Large circles: nodes, small circles: boundary of control
volumes, dashed line: control volume).

Fig. 4. Time step in a two-dimensional flow is determined as the shortest time
required to fully fill one of the neighboring control volumes. (Solid circles: fully-filled
node, shaded circles: partially-filled node, open circles: empty node).

of the elastic strain tensor components is used for the initial guesses at
each calculated node except for the entrance node. For the entrance
node, since the temperature is fixed until the end of packing stage, it is
reasonable to take the steady state solution of the elastic strain tensor
components of Egs. (9a)-(9f). Therefore, Eqs. (23)-(26) and Egs. (9a)-
(9f) can be solved simultaneously until shear rates are converged. The
calculated shear rates are then used to evaluate S; in Egs. (30) and (31).
Then, the pressure is obtained by Eqs. (A3) and (A7). Once the new
pressure of node m, p/»"!"W s obtained, the under relaxation
method [16] is used to calculate the updated pressure according to

%Jr],update _ (l m+1ﬁold w+1,new (79)

p — Wp)P + WpPm

where w, is the weighting factor varying from 0 to 1. Typically, this
value in the present study is between 0.7 and 0.8. If the p+1:"eW js
not equal to p%* U4 the entire process repeated until
a convergence is reached.

In addition, the calculation of temperature field should be also
incorporated into the iteration process for pressure calculation
since the relaxation time, 7, and viscosity, 6k, are temperature
dependent, as indicated in Eqgs. (18) and (19). To simplify the
calculation, the temperature obtained in the wth time step is used
for the entire pressure iteration. After the velocity, pressure and
elastic strain tensor fields are obtained, the energy equation, Eq. (4),
is solved for the temperature field at time step w + 1 by using under
relaxation method as
Tﬂv;/ﬂ,update _ (] _ wT)T,‘;;/H’Old + prr\«T\l/H,new (80)
where wris the weighting factor varying from 0 to 1. This algorithm
is continued until the end of the filling stage.

In the packing stage, the algorithm is similar to the filling stage,
but the time steps are assigned rather than solved for, since no melt
front propagation is involved in this stage. It should be noted that
Egs. (A3) and (A7) are still valid. The pressure at the entrance is
equal to the applied packing pressure. The flow rate at the entrance,
Qc1, is calculated. The obtained velocity, pressure and elastic strain
tensor fields are used to calculate the flow rate by summation of

Table 1
Processing condition for the injection molding of PS disc.

Flow rate Melt temperature Mold temperature Packing pressure Packing
(ecm3/s)  (°C) (°C) (MPa) time (s)

23.8 225 40 15 6
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Table 2
Material specification and parameters for PS Styron 615.
WLF equation Refs.
G 8.285
Co(K) 131.90 [30]
T{(K) 4735
Rheological model [30]
S 0.00484
TA(K) 4735
ni(Pas) 2228
01(s) 0.1466
n2(Pas) 446.8
fo(s) 0.00489
Tait equation [37]
by (m3/Kg) 9.799e—4
bis(m>/Kg) 9.799e—4
boy (m3/Kg K) 5.788e—7
bas (m3[Kg K) 2.429e-7
b3y (N/m?) 4.615e—8
bss (N/m?) 3.301e-8
ba (K1) 3.019e—3
bas (K1) 1.380e—3
bs(K) 376.0
be(K/Pa) 3.20e—7
An® —0.195 [38]
Cs (Pa ) —5.2E-9 [14]
k (J/msK) 0.122 [37]
Cp J/KgK) 2050 [37]

flow rates in each node at the melt front, Q. The convergence
reaches when Q. is equal to Qc.

In the cooling stage, the shear rate and velocity are zero.
Therefore, the energy equation, Eq. (4), reduces to a one-dimen-
sional transient heat conduction equation:

oT a/, aT
PG 5 = &(k &) (81)

The governing equation for the elastic strain tensor, Eq. (8),
reduces to

aCk 1 2 1 k k _
T g |G+ 5(e - tE)ee—1] — 0 (82)

In the cooling stage, the relaxation process occurs, since no more
pressure is applied. The initial conditions for C; and T correspond to

92

66

44

26

Fig. 5. Finite element mesh used in simulation of a disk injection molding. The
crosshatched, open and filled circles represent, respectively, the entrance nodes, nodes
and nodes where the simulated results are compared.
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Fig. 6. Comparison of calculated pressure traces during the filling stage and at the
onset of the packing stage at various locations by the conventional scheme (symbols),
used in [30], and the unconditionally stable upwinding scheme (curves) of the present
study.

their values of at the end of the packing stage. The Eq. (81) is solved
by implicit method to obtain the temperature field. The Euler
method [27] is used to integrate Eq. (82) to obtain the elastic strain
tensor components.

In order to avoid a cumbersome numerical calculation in a two-
dimensional flow, the governing equations for the elastic strain
tensor,Cy, Egs. (9a)—(9f), are rewritten in the streamwise coordinate
system and discretized as given in Appendix C. Then, the set of
discretized equations are solved by means of Newton-Raphson
method at each time step. The resulting Cj tensor components are
used to calculate new shear rates until a convergence is met. The
initial guess of Cj; tensor is taken as an average value from upwind
nodes [28,29]. To determine the upwinding nodes correctly, the
sequence of calculation is essential to ensure that the calculated
sequence of Cj; is always from downstream nodes. In case of a one-
dimensional flow, the solution is straightforward since the
sequence of calculation is the same as the sequence of nodes
numbering. However, in case of a two-dimensional flow it becomes
complicated, since the numbering of node is arbitrary. To resolve
this issue, the calculated nodal pressures are used to indicate the
sequence of calculations, since the flow always takes place from

p (MPa)

Unconditionally Stable
Upwinding Scheme

I T T T

0 2 4 6 8
t(s)
Fig. 7. Comparison of calculated pressure traces during the filling and packing stages

at various locations by the conventional scheme (symbols), used in [30], and the
unconditionally stable upwinding scheme (curves) of the present study.
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Fig. 8. Calculated gapwise birefringence at the end of filling stage at various locations
by the conventional scheme (symbols), used in [30], and the unconditionally stable
upwinding scheme (curves) of the present study.

a high to low pressure location. Therefore, the calculated pressure
from the previous time step is compared with that at the beginning
of current time step. This way the sequence of calculations is
determined.

2.7. Numerical test

To verify the new numerical scheme, a numerical test for an
injection molding of a PS disc is carried out to compare the present
simulated results with those given in [30]. Table 1 shows the pro-
cessing condition used in this test. The material parameters used in
this test are given in Table 2. It is seen from Table 2 that rheological
model for PS melt is represented by two relaxation modes.
Generally, two relaxation modes are insufficient for the description
of flow in injection molding occurring in wide range of shear rates.
However, in the present paper this is done in order to provide the
exact comparison with earlier simulated results [30] obtained using
the same two relaxation modes. Larger number of relaxation modes
will be introduced in Part 2 of this study where extensive
comparisons of simulated results with experimental data will be
carried out for LGP moldings.

r=179 cm
r=243 cm
r=3.07 cm
r=23.72 cm
r=4.68 cm
Unconditionally Stable
Upwinding Scheme

=
)
<& O o

—An*10°
[*]

0.0 0.2 0.4 0.6 0.8 1.0
z/b

Fig. 9. Calculated gapwise birefringence at the end of packing stage at various loca-
tions by the conventional scheme (symbols), used in [30], and the unconditionally
stable upwinding scheme (curves) of the present study.

Fig. 5 shows the finite element mesh of a quarter disc molding in
which 315 linear triangular elements and 184 nodes are used in the
planar direction with 40 evenly spaced finite difference grids in the
gapwise direction. The radius and thickness of the disk are 5.08 cm
and 0.2 cm, respectively. Also, in the Fig. 5, the global nodal
numbers of 26, 44, 66, 92 and 139 correspond to the radius of 1.79,
2.43, 3.07, 3.72 and 4.68 cm, respectively. Simulated data at these
positions reported in [30] are used for comparison with the present
simulated results.

Fig. 6 shows a comparison of pressure traces during the filling
stage and at the onset of packing stage at the gate and at radii of
1.79 and 3.72 cm calculated by conventional numerical scheme
(symbols), used in [30], and unconditionally stable upwinding
scheme (curves), used in the present study. Fig. 7 indicates the
calculated pressure traces during the filling and the entire packing
stage at the same locations. Nearly identical values are observed in
the filling stage, but a slight deviation occurs at locations of 1.79
and 3.72 cm at the end of the packing stage. In particular, the
results calculated by unconditionally stable upwinding scheme
exhibit a slightly faster pressure relaxation than the conventional
scheme.

Fig. 8 demonstrates the calculated gapwise birefringence at the
end of filling stage at various locations by the conventional scheme
(symbols), used in [30], and the unconditionally stable upwinding
scheme (curves), used in the present study. The An calculated by
the unconditionally stable upwinding scheme shows only slightly
higher values of birefringence than that calculated by the conven-
tional scheme.

Fig. 9 shows the calculated gapwise birefringence at the end of
the packing stage at various locations by conventional scheme
(symbols), used in [30], and the unconditionally stable upwinding
scheme (curves), used in the present study. Again, the An calcu-
lated by the unconditionally stable upwinding scheme shows
slightly higher values of birefringence. The largest deviation of
9.2% occurs at the maximum birefringence occurring at a radius of
1.79 cm.

Although a slight deviation between numerical results obtained
by two algorithms is observed, the calculation time is reduced from
2 h to 30 min by using the unconditionally stable upwinding
scheme. This is due to the fact that a subdivision of the time step is
required for the conventional upwinding scheme, if Eq. (C9) is not
satisfied. That means the current time step has to be divided by 2
and the entire calculation has to be repeated. If the convergence is
still not met, the same procedure has to be carried out again. In fact,
when the number of elements and the local velocity are large, the
time saving is substantial due to complete elimination of the
subdivision of time step.

3. Conclusion

Based on the numerical test presented in this study, it can be
concluded that the unconditionally stable upwinding scheme for
viscoelastic simulation of injection molding process is more effi-
cient and resulted in similar predicted pressure traces and flow
birefringence as the conventional upwinding scheme. It is shown
that the proposed numerical scheme is able to provide a signifi-
cantly faster solution. Therefore, it is more feasible for use in future
commercial applications. Also, it should noted, as will be shown in
the subsequent paper, the simulation of the total frozen-in bire-
fringence in moldings determined by summation of the frozen-in
flow birefringence, calculated by using a nonlinear viscoelastic
constitutive equation, and the thermal birefringence based on
combination of both constrained and free quenching and calculated
by using linear viscoelastic and photoviscoelastic constitutive
equations provides a better agreement with experimental data.
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Appendix A. Numerical solution of Hele-Shaw equations

To obtain the FEM forms, the linear shape functions are applied
to Eqs. (27) and (32) [31,32]. In case of two-dimensional triangular
elements, the pressure field can be expressed through the linear
shape functions leading to the following FEM form of Eq. (27):

Pw+1 AlH!

IAIZEIN +SIZD£NPW+1 _ 3
n=1 n=1

(A1)

where subscript i presents local node number, i = 1, 2, 3, and the
subscipt [ represents global element number. The A! denotes the
element area and w and w+1 is a current and new time step,
respectively, and

= {18,

I _
1/12 liN Din =

1
24l {blziblzw + bl3ib13N} (A2)
where bg. indicates weighting factors for i = 1, 2, 3. Eq. (A1) is the
FEM form of the governing equation suitable for introducing the
concept of control volume. If one assumes G' is evaluated at each
node M, as Gy, separation of the diagonal and off-diagonal
components, leads to

&V /alG v /alG 3
Z(At"”ﬁqﬁs’ugq)%“:;(MM > En(Pr- PW“>>

I=1 k=1
(k+q)
S I . I 1
*ZS Z <Dqkpxlv+>
=1 k=1
(k+q)
CV al CV algl
AGyvo ow A'H' Qum
2 ar Bl 3ty
(A3)

where M = NELNOD(I, q) and N = NELNOD(I, k). The function M =
NELNOD(], q) indicates the global node number M of the local gth
node of element [. In Eq. (A3)

Qu=0 Fully-filled nodes
Quv = Qgny for  Entrance nodes (A4)
Qv = Qur Melt front nodes

Now, the governing Eq. (A3) can be used to solve for pressure
field in a two-dimensional flow by under relaxation iteration [16].

To obtain the FEM form of governing equation in a one-dimen-
sional flow (Eq. (32)), the pressure field can be expressed through
the linear shape functions leading to the following FEM form

GILI 2 P PW-H ! i 1 LlHl
ZEIN +5 ZD Py = -5 (A5)
n=1 n=1

where L is the length of the one-dimensional element, and

o f2/3 L i=N 4y _1[1 -1

Similar to Eq. (A1), Eq. (A5) can be discretized by separation of
the diagonal and off-diagonal components to obtain

L'G Gy &
;(2&4% +51qu)P1V\yl+] Z(zAAt/II Zl E]k(PI‘Q/_PIV\IIUr]))
(k#q)
2
’:1 z (lePW+])
(kifJ)
X LGy Y IH Qy
2 ackelii=2 5ty

(A7)

The conditions on Qy are the same as in Eq. (A4). Accordingly,
the control-volume finite element method [31-33] with triangular
and linear elements with linear shape functions is used to solve for
the pressure field by using Eqs. (A3) and (A7), respectively. It should
be noted that G and H are constant in each control volume; Sy and S,
are constant in each element. In addition, it has to be noted that
Egs. (A3) and (A7) are used in both the filling and packing stages.
The only difference is that in the filling stage the flow rate is
assigned at entrance nodes to solve for pressure, while in the
packing stage the flow rate is calculated at specified entrance
pressure.

Appendix B. Solution for convolution integral
Constrained quenching

To solve the convolution integral of Eq. (48), the piecewise
continuous approximation [34] was used to obtain the through
thickness strain. This approximation can be used only when the
change of strain is small enough such that

Z(Aqlfkl) (Bl)

=1

in which

[i
3 = qd) () and S e g [rE-ode B2
ti-1

Therefore, the integrals in Eq. (48) can be discretized as

/ G(S—T)a;%dr = zk:(Ae;ycki) (B3)
0

in which

51

il./c(g—r)dr (B4)

Agi'y = &y (fi) —é&yy (fH) and Gk = AF

i1

vy

Accordingly, Eq. (48) becomes

45 [0+ (e, — Ad )] + 32 [K¥1 (286l + 8l — 386)] = 0

i=1 i=1
(B5)

Separation of the kth term corresponding to the current time
step generates
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4Gk k_ GKk,k 4,uk‘i 73/11(1
k _ k _ akk Kk K,k
gzz—<w ey + | 1o e | =A ey B (B6)

4Gkk 4 3Kkk
in which
ki — _gkk <8§;1 _ elzcz—l) +:<_1 [G’“<A e, — A )} (B7)
A = KR (1T 1 306 ) + ,ki [k (Al - 306} ) | (B8)

Therefore, the strain components are fully determined. By
applying the same treatment to Eq. (49), one obtains

= i: 2Gki (Ae;,y - Ae;z>

i=1
Applying the piecewise continuous approximation to Eq. (50)
leads to

= 2[uki 4 GRR (e, — k)] (B9

) k A ei —_A e’

E' gll /.CE §—7)dt (B10)
i=1

-1

nth de( o lzz

Eq. (B10) is used to calculate the thermally-induced birefrin-
gence after obtaining strain components.

Appendix C. Governing equations for Cj in the streamwise
coordinates

By introducing the streamwise coordinate system (s, 6, z) [16],
where s is the streamwise direction, 6 is perpendicular to the s in
the counterclockwise direction, and z is the gapwise direction, Egs.
(9a)-(9f) reduce to

DCys ¢ 1

DS: —2Cs, k GZ 2(9 <Css Kkt Cszz,k - 1) =0 (c1)
DC, i, ov.

Ds; - sz,k azs 20 ( Ss, szzk + sz szz k) =0 (CZ)
DCyy i

s 2T,k(cfz +Cy-1) =0 (C3)
det|ck‘ = ss,ksz,k - Cszz,k =1 (C4)

in which only three elastic strain tensor components left to be
solved instead of five. Components of the elastic strain tensor in
a global coordinate system are recovered as

Gk = ss<l<C052¢ + Sin2¢ (C5)
Cyyk = CssxSin’e + cos?¢ (C6)
sz,k = sz,kcosd’ (C7)
Cyz,k = —Cszﬁksm(ﬁ (CS)

where ¢ is the angle between vector x and s.
Egs. (C1)-(C4) indicate a set of elliptic partial differential
equations (PDEs). To solve these PDEs, the upwinding finite

difference scheme is applied [32] in which the forward difference is
used to discretize time variable, and the backward difference for
space variable. However, such an algorithm can be only stable at the
following condition:

Usdt
ds

Therefore, a very small time step is required, especially at high
velocities. If the current time step is large, then a subdivision of the
time step is required. This introduces significant calculation effort
and limits the ability of handling various processing conditions.
Accordingly, an unconditionally stable upwinding scheme [13] is
used to remedy this limitation and reduce the calculation time.
With this new proposed unconditionally stable upwinding scheme,
the forward difference is still used to discretize time variable, but
the backward difference is used to discretize space variable at t + 1.
If t + 1 presents the current time and t is the previous time, Eqgs.
(C1)—(C4) result in a nonlinear system of equations:

<1 (C9)

At
1 1 1 1
F *C£s+1 Cstm AS (CE:I Csterz ]) _ZAtYCst;l
At 1.1 1.t
+5a; 0, (Csterz Cst;rl +Cst2rl Cst;l _1> 0 (€10
2
F Ct+1 Ct A Ct+1 Ct+] A Ct+1
sz, sz,i A ( sz,i sz,i— 1) — Aty 2z,i
At 1.t 1t
+20 (Csterl Cstz+1 Cstz+1 C;;:) =0 (C11)
At
1 1 1
= Cgl Céz it A (ng CZFl )
LA () +(Ct+.1)2—1 =0 (C12)
29 Sz,1 zzZ,1

To solve this nonlinear system of equations, the Newton-
Raphson method [35,36] is used as follows

—FXn) = J(Xn)Xn11 — Xn) (C13)
where
F=[F F K] (C14)
T
Xo = [C4T gt oyt (C15)
and J is the Jacobian matrix defined as
oF; oF; oF,
oCdt aCH! aCy !
oF, oF, oF,
= C16
] aCit act acy! (C16)
oF;3 oF;3 0F;3
acit acht aci!
References

[1] Isayev Al Shyu GD, Li CT. Residual stresses and birefringence in injection
molding of amorphous polymers. ] Polym Sci Polym Phys 2006;44:622-39.

[2] Kwon K, Isayev Al, Kim KH. Toward a viscoelastic modelling of anisotropic
shrinkage in injection molding of amorphous polymers. ] Appl Polym Sci
2005;98:2300-13.

Isayev Al, Kwon K. Volumetric and anisotropic shrinkage in injection moldings
of thermoplastics. In: Kamal MR, Isayev Al, Liu S-], editors. Book injection
molding: technology and fundamentals. Munich: Hanser; 2009. p. 779-808
[Chapter 19].

3



(4]

[5

[6

(7

(8]

[9

(10]
(11]
(12]
(13]

(14]

(15]

(16]
(17]
(18]
(19]

(20]

A.L Isayev, T.-H. Lin / Polymer 51 (2010) 316-327

Lin CS, Wu WZ, Lay YL, Chang MW. A digital image-based measurement
system for a LCD backlight module. Opt Laser Technol 2001;33:499-505.
Okumura T, Tagaya A, Koike Y. Highly-efficient backlight for liquid crystal
display having no optical films. Appl Phys Lett 2003;83(13):2515-7.

Leutz R, Ries H. Microstructured light-guides overcoming the two-dimen-
sional concentration limit. Appl Opt 2005;44(32):6885-9.

Lin TH, Isayev Al, Mehranpour M. Luminance of injection molded V-groove
light guide plates. Polym Eng Sci 2008;48:1615-23.

Han X, Yokoi H, Takahashi T. Effects of cavity conditions on transcription
molding of microscale prism patterns using ultra-high speed injection
molding. Int Polym Process XXI 2006;5:473-9.

Feng D, Jin G, Yan Y, Fan S. High quality light guide plates that can control the
illuminance angle based on microprism structures. Appl Phys Lett
2004;85:6016-8.

Feng D, Yan Y, Yang X, Jin G, Fan S. Novel integrated light-guide plates for
liquid crystal display backlight. J Opt A Pure Appl Opt 2005;7:111-7.

Leonov Al Nonequilibrium thermodynamics and rheology of viscoelastic
polymer media. Rheol Acta 1976;15:85-98.

Janeschitz-Kriegl H. Polymer melt rheology and flow birefringence. New York:
Springer; 1983.

Ames WF. Numerical methods for partial differential equations. 3rd ed.
Boston: Academic Press; 1992.

Shyu GD, Isayev Al, Li CT. Photoviscoelastic behavior of amorphous polymers
during transition from the glassy to rubbery state. ] Polym Sci Phys Ed
2001;39:2252-62.

Shyu GD, Isayev Al Li CT. Residual thermal birefringence in freely quenched
plates of amorphous polymers: simulation and experiment. J Polym Sci Phys
Ed 2003;41:1850-67.

Sobhanie M, Isayev Al Viscoelastic simulation of flow of rubber compounds.
Rubber Chem Technol 1989;62:939-56.

Dill EH. On phenomenological rheo-optic constitutive relations. ] Polym Sci
Part C Polym Symposia 1964;5:67.

Morland LW, Lee EH. Stress analysis for linear viscoelastic materials with
temperature variation. Trans Soc Rheol 1960;4:233-63.

Van Krevelen DW, Hoftyzer PJ. Properties of polymers. Amsterdam: Elsevier;
1976. pp. 271.

Lee YB, Kwon TH, Yoon K. Numerical prediction of residual stresses and
birefringence in injection/compression molded center-gated disk. Part I: basic
modeling and results for injection molding. Polym Eng Sci 2002;42:2246-72.

[21]

[22]

[23]
[24]
[25]
[26]
[27]

[28]

[29]
[30]

[31]

[32]

[33]

[34]

[35]
[36]

[37]

[38]

327

Ghoneim H, Hieber CA. Incorporation of density relaxation in the analysis of
residual stresses in molded parts. Polym Eng Sci 1997;37:219-27.

Guo X, Isayev Al Residual stresses and birefringence in injection molding of
semicrystalline polymer, part 1: theoretical formulation. Intern Polym Process
1999;14:377-86.

Rusch KC. Time-temperature superposition and relaxation behavior in poly-
meric glasses. ] Macromolecular Sci Phys 1968;B2:179.

Doolittle AK. Studies in newtonian flow. II. The dependence of the viscosity of
liquids on free-space. ] Appl Phys 1953;22:12.

Isayev Al, Hariharan T. Volumetric effects in the injection molding of poly-
mers. Polym Eng Sci 1985;25:271-8.

Isayev Al Lin TH. Birefringence, anisotropic shrinkage and luminance in light
guide plates: modeling and experiment. SPE Tech Pap 2007;53:2485-9.
Carnahan B, Luther HA, Wilkes JO. Applied numerical methods. New York:
Wiley; 1969.

Paillere H, Boxho J, Degrez G, Deconinck H. Multidimensional upwind residual
distribution schemes for the convection-diffusion equation. Int J Numer
Methods Fluids 1996;23:923-36.

Carette ]JC, Deconinck H, Paillere H, Roe PL. Multidimensional upwinding: its
relation to finite elements. Numer Methods Fluid 1995;20:935-55.

Shyu GD, Isayev Al, Lee HS. Numerical simulation of flow-induced birefrin-
gence in injection molded disk. Korea-Australia Rheol ] 2003;15:159-66.
Wang VW, Hieber CA, Wang KK. Dynamic simulation and graphics for the
injection molding of three-dimensional thin parts. J Polym Eng 1986;7:
21-45.

Isayev Al Modeling of polymer processing: recent development. Munich:
Hanser; 1991.

Chiang HH, Hieber CA, K Wang K. A unified simulation of the filling and
postfilling stages in injection molding. Part I: formulation. Polym Eng Sci
1991;31:125-39.

Narayanaswamy OS, Gardon R. Calculation of residual stresses in glass. ] Am
Ceram Soc 1969;52:554-8.

Anderson JD. Computational fluid mechanics. McGraw-Hill; 1995.

Press WH, Teukolsky SA, Vetterling WT, Flannery BP. Numerical recipes in
fortran. 2nd ed. Cambridge: Cambridge University Press; 1992.

Wang KK, Cohen C, Koch DL, Hieber CA, Yoon K, Gupta M, et al. “Cornell
injection molding program progress report”, No.16. Cornell University; 1991.
Brandrup J, Immergut EH. Polymer handbook. 3rd ed. New York: Wiley-Inter
Science; 1989.



	Frozen-in birefringence and anisotropic shrinkage in optical moldings: I. Theory and simulation scheme
	Introduction
	Theory and governing equations
	Residual flow stresses and birefringence
	Residual thermal stresses and birefringence
	General

	Constrained quenching
	Free quenching
	Anisotropic shrinkage in injection moldings
	Numerical algorithm
	Numerical test

	Conclusion
	Acknowledgement
	Numerical solution of Hele-Shaw equations
	Solution for convolution integral
	Constrained quenching

	Governing equations for Ck in the streamwise coordinates
	References


